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Abstract
We give a more complete calculation of b → se+e− decay including leading log QCD
corrections from mtop to MW in addition to corrections from MW to mb. The differential
decay rate is found to be slightly suppressed for a large invariant mass of the e+e− pair;
while the integrated width is slightly enhanced comparing with the results without the QCD
running from mtop to MW .
1
1 Introduction
The rare decay b → se+e− is one of the very useful channels for the study of models beyond
standard model. This deeply depends on more precise calculations of this decay rate. Although
some calculations show that there exist large cc resonance contributions, which interfere with
short distance contributions [1], there is still a window in the invariant mass spectrum of the
e+e− pair for short distance contributions to be dominant [2]. Furthermore, window also exists
for short distance to be dominant in the one lepton energy spectrum [3]. The QCD corrected
coefficients of effective operators from b → se+e− are also important for the exclusive processes
such as B → K(K∗)e+e−.
The decay of b→ se+e− and its large leading log QCD corrections have already been calculated
in many papers [4, 5, 6, 7, 8]. And also some efforts are made to give a next to leading log
calculations [9, 10] which is estimated within 20% contribution. All these efforts make it easy for
experiments to detect this channel. However, all these papers do not include the QCD running
from mtop to MW . Since the top quark is found to be 2-times heavier than W gauge boson
[11], it needs a detail calculation for the effect of the QCD running from mtop to MW . Further
more, unlike the b → sγ case, here the electromagnetic penguin is numerically less important
than the box diagrams and Z boson penguin, although it is much enhanced by leading-log QCD
corrections. Meanwhile, the important box diagrams and Z boson penguins have no leading-log
QCD corrections as a running from MW to mb [12]. The only leading-log QCD corrections may
come from running from mtop to MW .
In the present paper, by using effective field theory formalism in standard model, we recalculate
the b → se+e− decay including QCD running from mtop to MW , in addition to corrections from
MW to mb, so as to give a complete leading log results. First in the next section, we integrate
out the top quark, generating a five-quark effective hamiltonian. By using the renormalization
group equation, we run the effective field theory down to the W-scale, so as to give out the QCD
corrections from mtop to MW . In section 3, the weak gauge bosons are integrated out at MW
scale. Then we continue running the effective hamiltonian down to b-quark scale to include QCD
corrections from MW to mb. In section 4, the differential branching ratio is given as a function
2
of the invariant mass of the e+e− pair. Our results will be useful for experiments to distinguish
backgrounds like cc¯ resonance. Section 5 is a short summary.
2 QCD Corrections from µ = mtop to µ = MW Scale
At first, in the standard model Lagrangian, we integrate out the top quark, generating an effective
theory, introducing dimension-5 and dimension-6 effective operators as to include effects of the
absent top quark. Higher dimension operators are suppressed by a factor of p2/m2t , where p
2
characterize the interesting external momentum of b quark p2 ∼ m2b . For leading order of m2b/m2t ,
dimension-6 operators are good enough to make a complete basis of operators:
O1LR = −
1
16π2
mbsLD
2bR,
O2LR = µ
ǫ/2 g3
16π2
mbsLσ
µνXabRG
a
µν ,
O3LR = µ
ǫ/2 e
16π2
mbsLσ
µνbRFµν ,
QLR = µ
ǫg23mbφ+φ−sLbR,
P 1,AL = −
i
16π2
sLT
A
µνσD
µDνDσbL,
P 2L = µ
ǫ/2 eQb
16π2
sLγ
µbL∂
νFµν ,
P 4L = iµ
ǫ/2 eQb
16π2
F˜µνsLγ
µγ5DνbL,
R1L = iµ
ǫg23φ+φ−sL 6DbL,
R2L = iµ
ǫg23(D
σφ+)φ−sLγσbL,
WLR = −iµǫg23mbW ν+W µ−sLσµνbR,
W 1L = iµ
ǫg23W
ν
+W
µ
−
sLγµ 6DγνbL,
W 2L = iµ
ǫg23(D
σW ν+)W
µ
−
sLγµγσγνbL,
W 3L = iµ
ǫg23W+µW
µ
−
sL
↔
6D bL,
W 4L = iµ
ǫg23W
ν
+W
µ
−
sL(
↔
Dµ γν + γµ
↔
Dν)bL.
Z1L = iµ
ǫg23
e
cos θw sin θw
ZµsLγµbLφ
+φ−,
Z2L = iµ
ǫg23
e
cos θw sin θw
ZνsLγµγνγσbLW
µ
−
W σ+,
3
Z3L = iµ
ǫ e
16π2 cos θw sin θw
M2WZνsLγ
νbL,
O9 = (e
2/16π2)(sLγ
µbL)eγµe,
O10 = (e
2/16π2)(sLγ
µbL)eγµγ5e. (1)
Here sL
↔
Dµ γνbL stands for (sLDµγνbL + (DµsL)γνbL) and the covariant derivative is defined as
Dµ = ∂µ − iµǫ/2g3XaGaµ − iµǫ/2eQAµ,
with g3 denoting the QCD coupling constant. The tensor T
A
µνσ appearing in P
1,A
L assumes the
following Lorentz structure, the index A ranging from 1 to 4:
T 1µνσ = gµνγσ, T
2
µνσ = gµσγν ,
T 3µνσ = gνσγµ, T
4
µνσ = −iǫµνστγτγ5.
The subscript L and R in the above formula denote left-handed and right-handed quarks, respec-
tively. Here operators involving bszφW are not included because their coefficients are suppressed
by mb/mt and they do not mix with other operators. Then we can write down our intermediate
effective hamiltonian:
Heff = 2
√
2GFVtbV
∗
ts
∑
i
Ci(µ)Oi(µ), (2)
where Vij represents the 3× 3 unitary Kobayashi-Maskawa matrix elements.
The coefficients Ci(µ = mtop) can be derived through matching Green functions calculated
from the standard model with that from the intermediate effective theory [13]. Keeping only
leading order of p2/m2t , the coefficients relevant to b→ sγ decay are already given in ref.[13], here
we only give the new ones:
CZ1
L
=
1
g23
(
1
2
− 2
3
sin2 θ
)
, (3)
CZ2
L
= − 1
g23
2
3
sin2 θwδ, (4)
CZ3
L
=
1− 6δ
2δ(1− δ) − 2δ +
1 + 2δ − 20δ2 + 12δ3
2(1− δ)2 log δ − 2 log δ (5)
+ sin2 θw
(
1
3
+ 2δ − 1
3
log δ − 14
3
δ log δ
)
,
CO9 = −
1
2 sin2 θw
(
1
4
δ + 1
4
δ2
1− δ +
δ − δ2 + 1
2
δ3
(1− δ)2 log δ
)
, (6)
CO10 =
1
2 sin2 θw
(
1
4
δ + 1
4
δ2
1− δ +
δ − δ2 + 1
2
δ3
(1− δ)2 log δ
)
, (7)
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with δ = M2W/m
2
t . The renormalization group equation satisfied by the coefficient functions Ci(µ)
is
µ
d
dµ
Ci(µ) =
∑
j
(γτ )ijCj(µ). (8)
The anomalous dimension matrix γij is calculated in practice by requiring renormalization group
equations for Green functions with insertions of composite operators to be satisfied order by order
in perturbation theory.
Only the last five operators in equation (1) are different from that of b → sγ case [13]. After
evaluating the loop diagrams, we get the leading order anomalous dimensions for each of the
operators in our basis. Since there are so many operators, it is a very large matrix of anomalous
dimensions [13]. Here we only list the part new from that of b→ sγ case:
γ =
R2L
W 2L
Z1L
Z2L
Z3L
O9
O10
R2L W
2
L Z
1
L Z
2
L Z
3
L O9 O10

23
48π2
0 0 0 −1
2
+ sin2 θw 0 0
0 23
48π2
0 0 −6 + 6 sin2 θw 14 sin2 θw −14 sin2 θw
0 0 23
48π2
0 1 0 0
0 0 0 23
48π2
2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


2g23. (9)
The solution to renormalization group equation (8) appears in obvious matrix notation as
C(µ2) =
[
exp
∫ g3(µ2)
g3(µ1)
dg
γT (g)
β(g)
]
C(µ1). (10)
After inserting anomalous dimension matrix (9), we can have the coefficients of operators at
µ = M+W , where the W boson has not been integrated out.
CP 2
L
(M+W ) = CP 2L(mt) +
81
226
(ζ113/138 − 1)
[
CP 1,2
L
(mt) + CP 1,4
L
(mt)
]
−1
2
g23(mt)
[
CR2
L
(mt) + 2CW 2
L
(mt)
]
log δ,
CP 4
L
(M+W ) = CP 4L(mt) + 12g
2
3(mt)CW 1L(mt) log δ,
CZi(M
+
W ) = ζCZi(mt), i = 1, 2,
5
CZ3(M
+
W ) = CZ3(mt) + g
2
3(mt)CZ1L(mt) log δ + 2g
2
3(mt)CZ2L(mt) log δ
−(1
2
− sin2 θw)g23(mt)CR2L(mt) log δ − 6(1− sin
2 θw)g
2
3(mt)CW 2L(mt) log δ,
CO9(M
+
W ) = CO9(mt) +
1
4 sin2 θw
g23(mt)CW 2L(mt) log δ,
CO10(M
+
W ) = CO10(mt)−
1
4 sin2 θw
g23(mt)CW 2L(mt) log δ, (11)
with ζ = αs(mt)/αs(MW ). The coefficients of other operators at µ =M
+
W like P
1,2
L , P
1,4
L , W
2
L, R
2
L,
are given at the appendix of ref.[14].
3 QCD Corrections from µ = MW to µ = mb Scale
In order to continue running the operator coefficients down to lower scales, one must integrate out
the weak gauge bosons W, Z and would-be Goldstone bosons φ at µ = MW scale. The matching
conditions involving four-quark operators and photon, gluon penguin diagrams are the same as
b → sγ case[13]. We here only display the following relations between coefficient functions just
below(-) and above(+) µ =MW scale, which is relevant to b→ se+e−:
CP 1,2
L
(M−W ) = CP 1,2
L
(M+W )− 7/9,
CP 1,4
L
(M−W ) = CP 1,4
L
(M+W ) + 1,
CP 2
L
(M−W ) = CP 2L(M
+
W )− g23(MW )CW 2L(M
+
W )− 3/2,
CP 4
L
(M−W ) = CP 4L(M
+
W ) + 9,
CO9(M
−
W ) = CO9(M
+
W )−
g23
8 sin2 θw
CW 2
L
(M+W )−
1
4 sin2 θw
+
4 sin2 θw − 1
4 sin2 θw
C(MW )− 1
3
D(MW )− 4
9
,
CO10(M
−
W ) = CO10(M
+
W ) +
g23
8 sin2 θw
CW 2
L
(M+W ) +
1
4 sin2 θw
+
1
4 sin2 θw
C(MW ). (12)
The first two terms in the right side of CO9(M
−
W ) and CO10(M
−
W ) arise from box diagrams with W
boson couples to top quark; the third terms arise from box diagrams with W boson coupling to
charm quark. The function C(MW ) arise from graphs with a Z gauge boson coupling to the e
+e−
pair, while the D(MW ) function arises from graphs with a photon couples to the e
+e− pair. They
are defined as,
C(MW ) = CZ3
L
(M+W )− g23CZ1L(M
+
W ) + (
1
2
− sin2 θw)g23CR2L(M
+
W ) + 2 cos
2 θwg
2
3CW 2L(M
+
W ),
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D(MW ) = CP 2
L
(M−W )−
1
2
CP 1,2
L
(M−W )−
1
2
CP 1,4
L
(M−W ) +
1
2
CP 4
L
(M−W ). (13)
In addition to these, there are new four-quark operators from integrating out the W boson[6, 9]:
O1 = (cLβγ
µbLα)(sLαγµcLβ),
O2 = (cLαγ
µbLα)(sLβγµcLβ),
O3 = (sLαγ
µbLα)[(uLβγµuLβ) + ... + (bLβγµbLβ)],
O4 = (sLαγ
µbLβ)[(uLβγµuLα) + ... + (bLβγµbLα)],
O5 = (sLαγ
µbLα)[(uRβγµuRβ) + ...+ (bRβγµbRβ)],
O6 = (sLαγ
µbLβ)[(uRβγµuRα) + ...+ (bRβγµbRα)], (14)
with coefficients
Ci(MW ) = 0, i = 1, 3, 4, 5, 6, C2(MW ) = −1.
There should also be two magnetic moment operators relevant to b→ sγ,
O7 =
e
16π2
mbsLσ
µνbRFµν , (15)
O8 =
g3
16π2
mbsLσ
µνXabRG
a
µν , (16)
their coefficients at µ = M−W are given in ref.[13].
The operator basis now consists of 10 operators O1 − O10. The effective hamiltonian appears
just below the W-scale as
Heff = 4GF√
2
VtbV
∗
ts
10∑
i=1
Ci(M
−
W )Oi(M
−
W ). (17)
If the QCD corrections frommtop toMW are ignored [by setting αs(mt) = αs(MW ) in eqn.(12)],
the above results(12) would reduce to the previous results [6, 9] exactly, where the top quark and
W bosons are integrated out together. This is a necessary consistent check.
The running of the coefficients of operators from µ = MW to µ = mb was well described in
previous papers[6, 9]. After running we have the coefficients of operators at µ = mb scale [16].
C7(mb) = η
16/23C7(MW ) +
8
3
(η14/23 − η16/23)C8(MW ) + C2(MW )
8∑
i=1
hiη
ai , (18)
7
C9(mb) = C9(MW ) +
C2(MW )
αs(mb)
(
−0.0938/η +
8∑
i=1
piη
ai
)
, (19)
C10(mb) = C10(MW ), (20)
with η = αs(MW )/αs(mb), hi,ai and pi defined in ref.[16].
4 Results
In a spectator model, the inclusive decay B → Xse+e− is mainly contributed from the b quark
decay b → se+e−. To leading order, the differential decay rate dΓ(B → Xse+e−)/dsˆ, where
sˆ = (p+e + p
−
e )
2/m2b , is given by:
1
Γ(B → Xceν)
d
dsˆ
Γ(B → Xse+e−) =
α2QED
4π2f(mc/mb)
(1− sˆ)2
[
(1 + 2sˆ)
(
|Ceff9 |2 + C210
)
+ 4
(
1 +
2
sˆ
)
|C7|2 + 12C7Re(Ceff9 )
]
. (21)
Here
Ceff9 = C9(mb) + g(mc/mb, sˆ)(3C1 + C2 + 3C3 + C4 + 3C5 + C6) (22)
−1
2
g(1, sˆ)(4C3 + 4C4 + 3C5 + C6)− 1
2
g(0, sˆ)(C3 + 3C4), (23)
where g(mc/mb, sˆ) arises from the one-loop matrix element of the four- quark operators, which
can be written as [6]
g(z, sˆ) = −8
9
ln z +
8
27
+
4
9
β − 2
9
(2 + β)
√
|1− β|


ln
∣∣∣∣
√
1−β+1√
1−β−1
∣∣∣∣+ iπ, β < 1,
2 arctan(1/
√
β − 1), β > 1,
(24)
with β = 4z2/sˆ. The factor of f(mc/mb) arises because of the dependence of the semileptonic
decay rate on the nonnegligible ratio mc/mb, and is given by
f(x) = 1− 8x2 + 8x6 − x8 − 24x4 ln x.
In eqn.(21) the masses of the electron and the strange quark were neglected.
The semileptonic decay B → Xceν [17] is used to eliminate large uncertainties of m5b in the
decay width formula. The dependence on the weak mixing angles also cancels out. If we take
experimental result Br(B → Xceν) = 10.8% [15], the branching ratios of B → Xse+e− is found.
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Taking values as MW = 80.22GeV, mt = 175GeV, mb = 4.8GeV and the QCD coupling
constant αs(mZ) = 0.117 [15], the differential branching ratios are depicted in Fig.1 as a function
of sˆ. It is shown that the QCD corrections from mt to MW slightly suppress the b → se+e−
differential decay rate for a large invariant mass of the e+e− pair; while enhance it for a very
small invariant mass of the e+e− pair. Since the enhancement is larger than the suppression in
the invariant mass spectrum of the e+e− pair, the total branching ratio is found to be slightly
enhanced about 4% comparing with the one without QCD correction from mtop to MW .
5 Conclusion
As a conclusion, we have given the full leading log QCD corrections (including QCD running from
mtop to MW ) to b→ se+e− decay in the standard model.
The QCD correction from mt to MW slightly suppresses the b → se+e− differential decay
rate for a large invariant mass of the e+e− pair. While the integrated width is slightly enhanced
comparing with that without the QCD running from mtop to MW .
Although this result is not quite different from the previous calculations, our improvement lies
in reducing some theoretical uncertainties.
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Figure Captions
Fig.1 Differential branching ratios of b→ se+e−, as a function of s = (p++p−)2/m2b . The solid line
denotes the result with full QCD corrections, while the dashed one corresponds to result without
QCD corrections from mt to MW .
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